Ten years ago A. Zorich discovered, by computer experiments on interval exchange transformations, some striking new power laws for the ergodic integrals of generic non-exact Hamiltonian flows on higher genus surfaces. In Zorich's later work and in a joint paper authored by M. Kontsevich, Zorich and Kontsevich were able to explain conjecturally most of Zorich's discoveries by relating them to the ergodic theory of Teichmüller flows on moduli spaces of Abelian differentials.
A fundamental problem in smooth ergodic theory is to establish quantitative estimates on the asymptotics behaviour of ergodic integrals of smooth functions. For several examples of hyperbolic flows, such as geodesic flows on compact manifolds of negative curvature, the asymptotic behaviour of ergodic integrals is described by the Central Limit Theorem (Y. Sinai, M. Ratner). In these cases, the dynamical system can be described as an approximation of a 'random' stochastic process, like the outcomes of flipping a coin. Non-hyperbolic systems as not as well understood, with the important exception of toral flows. For generic non-singular area-preserving flows on the 2-torus logarithmic bounds on ergodic integrals of zero-average functions of bounded variation can be derived by the Denjoy-Koksma inequality and the theory of continued fractions. For a general ergodic flow, ergodic integrals are bounded for all times for a special class of functions: coboundaries with bounded 'transfer' functions (Gottschalk-Hedlund). In the hyperbolic examples and in the case of generic toral flows, a smooth function is a coboundary if and only if it has zero average with respect to all invariant measures.
In this article, we are interested in flows with parabolic behaviour. Following A. Katok, a dynamical system is called parabolic if the rate of divergence of nearby orbits is at most polynomial in time, while hyperbolic systems are characterized by exponential divergence. Toral flows are a rather special parabolic example, called elliptic, since there is no divergence of orbits. It has been known for many years that typical examples of parabolic flows, such as horocycle flows or generic nilpotent flows are uniquely ergodic, but until recently not much was known on the asymptotic behaviour of ergodic averages, with the exception of some polynomial bounds on the speed of convergence in the horocycle case (M. Ratner, M. Burger), related to the polynomial rate of mixing. We have been able to prove, in collaboration with L. Flaminio, that for many examples of parabolic dynamics the behaviour of ergodic averages is typically described as follows.
A smooth flow Φ X on a finite dimensional manifold M has deviation spectrum {λ 1 > ... > λ i > ... > 0} with multiplicities m 1 , ..., m i , ... ∈ Z + if there exists a system {D ij | i ∈ Z + , 1 ≤ j ≤ m i } of linearly independent X-invariant distributions such that, for almost all p ∈ M , the ergodic integrals of any smooth function
where the real coefficients c ij (p, T ) and the distributional remainder R(p, T ) have, for almost all p ∈ M , a sub-polynomial behaviour, in the sense that lim sup
The notion of a deviation spectrum first arose in the work of A. Zorich and in his joint work with M. Kontsevich on non-exact Hamiltonian flows with isolated saddle-like singularities on compact higher genus surfaces. Zorich discovered in numerical experiments on interval exchange transformations an unexpected new phenomenon [8] . He found that, although a generic flow on a surface of genus g ≥ 2 is uniquely ergodic (H. Masur, W. Veech), for large times the homology classes of return orbits exhibit unbounded polynomial deviations with exponents λ 1 > λ 2 > ... > λ g > 0 from the line spanned in the homology group by the Schwartzmann's asymptotic cycle. In his later work [9] , [10] and in joint work with M. Kontsevich [6] , Zorich was able to explain this phenomenon in terms of conjectures on the Lyapunov exponents of the Teichmüller flow on moduli spaces of holomorphic differentials on Riemann surfaces. Kontsevich and Zorich also conjectured that Zorich's phenomenon is not merely topological, but it extends to ergodic integrals of smooth functions. "There is, presumably, an equivalent way of describing the numbers λ i . Namely, let f be a smooth function ... Then for a generic trajectory p(t), we expect that the number T 0 f p(t) dt for large T with high probability has size T λi+o(T ) for some i ∈ {1, ..., g}. The exponent λ 1 appears for all functions with non-zero average value. The next exponent, λ 2 , should work for functions in a codimension 1 subspace of C ∞ (S), etc." [6] Around the same time, we proved that for a generic non-exact Hamiltonian flow Φ X on a higher genus surface not all smooth zero average functions are smooth coboundaries [3] . In fact, we found that, in contrast with the hyperbolic case and the elliptic case of toral flows, there are X-invariant distributional obstructions, which are not signed measures, to the existence of smooth solutions of the cohomological equation Xu = f . This result suggested that Zorich's phenomenon should be related to the presence of invariant distributions other than the (unique) invariant probability measure. In fact, in [4] we were able prove the Kontsevich-Zorich conjectures that the deviation exponents are non-zero and that generic non-exact Hamiltonian flows on higher genus surfaces have a deviation spectrum. Recently, in collaboration with L. Flaminio, we have proved that other classical parabolic examples, such as horocycle flows on compact surfaces of constant negative curvature [1] and generic nilpotent flows on compact 3-dimensional nilmanifolds [2] , do have a deviation spectrum, but of countable multiplicity, in contrast with the case of flows on surfaces which have spectrum of finite multiplicity equal to the genus.
We will outline below a general framework, derived mostly from [4] and successfully carried out in [1] , [2] , for proving that a flow on a pseudo-homogeneous space has a deviation spectrum. Our framework is based on the construction of an appropriate renormalization dynamics on a moduli space of pseudo-homogeneous structures, which generalizes the Teichmüller flow. A renormalizable flow for which the space of smooth functions is stable (in the sense of A. Katok), has a deviation spectrum determined by the Lyapunov exponents of a renormalization cocycle over a bundle of basic currents. Pseudo-homogeneous spaces are a generalization of homogeneous spaces. The motivating non-homogeneous example is given by any punctured Riemann surface carrying a holomorphic differential vanishing only at the punctures. It turns out that renormalizable flows are necessarily parabolic. In fact, the class of renormalizable flows encompasses all parabolic flows which are reasonably wellunderstood, while not much is known for most non-renormalizable parabolic flows, such as generic geodesic flows on flat surfaces with conical singularities. Our ap-proach unifies and generalizes several classical quantitative equidistribution results such as the Zagier-Sarnak results for periodic horocycles on non-compact hyperbolic surfaces of finite volume [1] or number theoretical results on the asymptotic behaviour of theta sums [2] .
Renormalizable flows
Let g be a finite dimensional real Lie algebra. A g-structure on a manifold M is defined to be a homomorphism τ from g into the Lie algebra V(M ) of all smooth vector fields on M . This notion is well-known in the theory of transformation groups (originated in the work of S. Lie) under the name of 'infinitesimal G-transformation group' (for a Lie group G with g as Lie algebra). The second fundamental theorem of Lie states that any infinitesimal G-transformation group τ on M can be 'integrated' to yield an essentially unique local G-transformation group. A g-structure τ will be called faithful if τ induces a linear isomorphism from g onto T x M , for all x ∈ M . Let τ be a g-structure. For each element X ∈ g, the vector field X τ := τ (X) generates a (partially defined) flow Φ X τ on M . Let E t (X τ ) ⊂ M be the closure of the complement of the domain of definition of the map Φ X τ (t, ·) at time t ∈ R. A faithful g-structure will be called pseudo-homogeneous if for every X ∈ g there exists t > 0 such that E t (X τ ) ∪ E −t (X τ ) has zero (Lebesgue) measure. A manifold M endowed with a pseudo-homogeneous g-structure will be called a pseudo-homogeneous gspace. All homogeneous spaces are pseudo-homogeneous.
Let T g (M ) be the space of all pseudo-homogeneous g-structures on M . The automorphism group Aut(g) acts on T g (M ) by composition on the right. The group Diff(M ) acts on T g (M ) by composition on the left. The spaces
where Γ(M ) := Diff + (M )/Diff 0 (M ) is the mapping class group, will be called respectively the Teichmüller space and the moduli space of pseudo-homogeneous gstructures on M . The group Aut(g) acts on the Teichmüller space T g (M ) and on the moduli space M g (M ), since in both cases the action of Aut(g) on T g (M ) passes to the quotient.
Let Aut (1) (g) be the subgroup of automorphisms with determinant one. An element X ∈ g will be called a priori renormalizable if there exists a partially hyperbolic one-parameter subgroup {G
, in general non-unique, with a single (simple) Lyapunov exponent µ X > 0 such that
It follows from the definition that the subset of a priori renormalizable elements of a Lie algebra g is saturated with respect to the action of Aut(g). The subgroup {G Let R be an inner product on g. Every faithful g structure τ induces a Riemannian metric R τ of constant curvature on M . Let ω τ be the volume form of R τ . The total volume function A :
and Aut (1) (g)-invariant. Hence A is well-defined as an Aut (1) (g)-invariant function on the Teichmüller space and on the moduli space. It follows that the subspace of finite-volume g-structures has an Aut (1) (g)-invariant stratification by the level hypersurfaces of the total volume function. Since different hypersurfaces are isomorphic up to a dilation, when studying finite-volume spaces it is sufficient to consider the hypersurface of volume-one g-structures:
Let τ be a faithful g-structure and let X ∈ g. If the linear map ad X on g has zero trace, the flow Φ X τ preserves the volume form ω τ and X τ defines a symmetric operator on
If τ is pseudo-homogeneous, by E. Nelson's criterion [7] , X τ is essentially skew-adjoint. It turns out that any a priori renormalizable element X ∈ g is nilpotent, in the sense that all eigenvalues of the linear map ad X are equal to zero, hence the flow Φ X τ is volume preserving and parabolic. In all the examples we have considered, the Lie algebra g is traceless, in the sense that for every element X ∈ g, the linear map ad X has vanishing trace. In this case, any pseudo-homogeneous g-structure induces a representation of the Lie algebra g by essentially skew-adjoint operators on the Hilbert space L 2 (M, ω τ ) with common invariant domain C ∞ 0 (M ). G (M ) of homogeneous volume-one G-space structures are respectively isomorphic to the subgroup Aut (1) (G) of orientation preserving, volume preserving automorphisms and to the homogeneous space Aut
Examples
In the Abelian case g = R n , any X ∈ R n is a priori renormalizable. In fact, the group Aut (1) (R n ) = SL(n, R) acts transitively on R n and X 1 = (1, 0, ..., 0) is renormalized by the one-parameter group G t := diag(e t , e −t/n , ..., e −t/n ) ⊂ SL(n, R). In the semi-simple case, let g = sl(2, R) be the unique 3-dimensional simple Lie algebra. There is a basis {H, H ⊥ , X} with commutation relations [X,
The elements H, H ⊥ are renormalized by the one-parameter group G t := diag(e t , e −t , 1) ⊂ Aut (1) (g), while X is not a priori renormalizable. The unit tangent bundle of any hyperbolic surface S can be identified to a homogeneous g-space M := PSL(2, R)/Γ. The vector fields H, H ⊥ ∈ g generate the horocycle flows and the vector field X generates the geodesic flow on S. Since G t is a group of inner automorphisms, it is in fact generated by the geodesic vector field X, every point of the moduli space is fixed under G t . Hence horocycle flows are renormalizable on every homogeneous space PSL(2, R)/Γ.
In the nilpotent, non-Abelian case, let n be the Heisenberg Lie algebra, spanned by elements {X, X ⊥ , Z} such that [X, X ⊥ ] = Z and Z is a generator of the onedimensional center Z n . The element X is renormalized by the one-parameter subgroup G t := diag(e t , e −t , 1) ⊂ Aut (1) (n). Since the group Aut(n) acts transitively on n \ Z n , every Y ∈ n \ Z n is a priori renormalizable, while the elements of the center are not. A compact nilmanifold modeled over the Heisenberg group N is a homogeneous space M = N/Γ, where Γ is a co-compact lattice. These spaces are topologically circle bundles over T 2 classified by their Euler characteristic. The moduli space M N (M ) [2] . The motivation for our definition of a pseudo-homogeneous space comes from the theory of Riemann surfaces of higher genus. Any holomorphic (Abelian) differential h on a Riemann surface S of genus g ≥ 2, vanishing at Z h ⊂ S, induces a (non-unique) pseudo-homogeneous R 2 -structure on the open manifold M h := S \ Z h In fact, the frame {X, X ⊥ } of T S|M h uniquely determined by the conditions
satisfies the Abelian commutation relation [X, X ⊥ ] = 0 and the homomorphism
Let H κ (S, Z) be the space of Abelian differentials h with Z h = Z and zeroes of multiplicities (k 1 , ..., k σ ). The projection of the set {τ h ∈ T R 2 (M ) | h ∈ H κ (S, Z)} into the moduli space M R 2 (M ) of pseudohomogeneous R 2 -structures on M := S \ Z is isomorphic to a stratum H(κ) of the moduli space of Abelian differentials on S. The flow induced on H(κ) by the oneparameter group of automorphism G t = diag(e t , e −t ) ⊂ SL(2, R) coincides with the Teichmüller flow on the stratum H(κ).
Cohomological equations
Let (g, R) be a finite dimensional Lie algebra endowed with an inner product. Any pseudo-homogeneous g-structure τ on a manifold M induces a Sobolev filtration {W 
is closed in W In all the examples of §3, generic renormalizable flows are tame. In particular, it is well known that generic toral flows are tame, horocycle flows and generic nilpotent flows on 3-dimensional compact nilmanifolds were proved tame of any degree ℓ > 1 in [1] , [2] , generic non-exact Hamiltonian flows on higher genus surfaces were proved tame in [3] . These results are based on the appropriate harmonic analysis: in the homogeneous cases, the theory of unitary representations for the Lie group SL(2, R) [1] and the Heisenberg group [2] ; in the more difficult non-homogeneous case of higher genus surfaces, the theory of boundary behaviour of holomorphic functions on the unit disk plays a crucial role [4] .
If the Sobolev space W s τ (M ) is stable with respect to the flow Φ X τ , the closed range R s,t (X τ ) of the operator X τ coincides with the distributional kernel
. Invariant distributions are in bijective correspondence with (homogeneous) one-dimensional basic currents for the orbit foliation F (X) of the flow Φ X . A one-dimensional basic current C for a foliation F on M is a continous linear functional on the space Ω 
3)
It follows from the definitions that the one-dimensional current C := ı X D is basic for F (X) if and only if the distribution D is X-invariant. Let I(X) be the space of all X-invariant distributions and B(X) be the space of all one-dimensional basic currents for the orbit foliation F (X). The linear map ı X : I(X) → B(X) is bijective.
Let (M, τ ) be a pseudo-homogeneous space. There is a well-defined Hodge (star) operator and a space C s (X τ ) is one-dimensional for all s ≥ 0 (as all invariant distributions are scalar multiples of the unique invariant probability measure). In the parabolic examples we have studied, B s (X τ ) has countable dimension, as soon as s > 1/2, for horocycle flows or generic nilpotent flows, while for generic non-exact Hamiltonian flows on higher genus surfaces the dimension is finite for all s > 0 and grows linearly with respect to s > 0. This finiteness property seems to be an exceptional low dimensional feature.
The renormalization cocycle
The Sobolev spaces C In the examples considered, with the exception of flows on higher genus surfaces, the Hilbert bundles of basic currents B s g (X) are infinite dimensional, and to the author's best knowledge, available Oseledec-type theorems for Hilbert bundles do not apply to the renormalization cocycle. However, the cocycle has a well defined Lyapunov spectrum and an Oseledec decomposition. We are therefore led to formulate the following hypothesis: 
Let X ∈ g be a priori renormalizable and let µ be a G X t -invariant Borel probability measure on M g (M ), supported on a stratum of bounded-type g-structures. If the flow Φ X τ is tame of degree ℓ > 0 and the hypoteses H 1 (s), H 2 (s) are verified for s > ℓ + dim(M )/2, for µ-almost τ ∈ M g , the flow Φ X τ has a deviation spectrum with deviation exponents
and multiplicities given by the decomposition (5.1) of the renormalization coycle.
In the homogeneous examples, the Lyapunov spectrum of the renormalization cocycle is computed explicitly in every irreducible unitary representation of the structural Lie group. In the horocycle case, the existence of an Oseledec's decomposition (5.1) is equivalent to the statement that the space of horocycleinvariant distributions is spanned by (generalized) eigenvectors of the geodesic flow, well-known in the representation theory of semi-simple Lie groups as conical distributions [5] . In the non-homogeneous case of higher genus surfaces, the Oseledec's theorem applies since the bundles B s g (X) are finite dimensional. We have found in all examples a surprising heuristic relation between the Lyapunov exponents of the renormalization cocycle and the Sobolev regularity of basic currents (or equivalently of invariant distributions): the subspaces E s τ (ν k ) are generated by basic currents of Sobolev order 1 − ν k /µ X ≥ 0. The Sobolev order of a one-dimensional current C is defined as the infimum of all s > 0 such that C ∈ C −s τ (M ). In the special case of non-exact Hamiltonian flow on higher genus surfaces the Lyapunov exponents of the renormalization cocycle are related to those of the Teichmüller flow. In fact, let S be compact orientable surface of genus g ≥ 2 and let H(κ) be a stratum of Abelian differentials vanishing at Z ⊂ S. Let B κ (X) ⊂ B R 2 (X) be the measurable bundle of basic currents over H(κ) ⊂ M R 2 (S \ Z) and let G. Forni .4) are related the Lyapunov exponents of the Teichüller flow on H(κ) [6] , [4] . Since the bundle map δ κ shifts Lyapunov exponents by −1 and, as conjectured in [6] and proved in [4] , the Kontsevich-Zorich exponents λ 1 = 1 > λ 2 ≥ · · · ≥ λ g are nonzero, the strictly positive exponents of the renormalization cocycle coincide with the Kontsevich-Zorich exponents. This reduction explains why in the case of non-exact Hamiltonian flows on surfaces the Lyapunov exponents of the Teichmüller flow are related to the deviation exponents for the ergodic averages of smooth functions.
